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Adaptive Remeshing for the k—€ Model of Turbulence

D. Pelletiersand F. Ilinca®
Ecole Polytechnique de Montreal, Montreal, Quebec H3C 3 A7, Canada

An adaptive finite element method for solving incompressible turbulent flows using the k~€ model of turbulence
is presented. Solutions are obtained in primitive variables using a highly accurate quadratic finite element on
unstructured grids. Turbulence is modeled using the k-€ model of turbulence. Two error estimators are presented
that take into account in a rigorous way the relative importance of the errors in velocity, pressure, turbulence
variables, and eddy viscosity. The efficiency and convergence rate of the methodology are evaluated by solving
problems with known analytical solutions. The method is then applied to turbulent free shear flows and predictions

are compared to measurements.

Nomenclature
Cu, C1, G = k—€ model constants
e = error
f = body force
h = element size
K = element in the mesh
k = turbulent kinetic energy
n = outward unit vector
P(u) = production of turbulence
p = pressure
u = velocity vector
Vv, W, s = test function
¥ = strain rate tensor
1) = element size for new mesh
€ = turbulence dissipation
i) = viscosity
£ = reduction coefficient of the error
P = density
a., O = k—€ model constants
T = stress tensor
\v4 = gradient
V- = divergence
Subscripts
av =average
h = finite element solution
T = turbulent
0, B = boundary
0 = initial value
Introduction

DAPTIVE finite element methods provide a powerful ap-

proach for tackling complex computational fluid dynamics
problems. They can provide accurate solutions at a reasonable cost
by automatically clusteringelements around flow features of interest
such as shear and boundary layers and reattachment points. Such an
adaptive process is cost effective in the sense that the best numerical
solution is obtained at the least computational cost. Moreover, such
approaches provide flexibility in modeling and algorithm develop-
ment. The ability of the methodologyto produce uniformly accurate
solutions makes it possible to obtain numerically exact solutions to
the equationsof motion, so that mathematicalmodels of the physical
phenomenon of interest can be evaluated with confidence.
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Initial breakthroughs in adaptivity were achieved in aerodynam-
ics because of the pressing need for accurate computations of shock
waves.! Adaptive computations on unstructured grids for aerody-
namics applications are now fairly commonplace. However, for in-
compressible flows, the literature is not as abundant. Proof of con-
cept computations for laminar incompressible flow were reported
in Refs. 2 and 3. An early paper discussing adaptivity and the k—€
model is that of Moukalled and Acharya,* where structured grids
are adapted by both moving nodes and imbedding a finer grid in
the coarser one. The methodology proposed here uses unstructured
grids to provide for very high localized grid resolution at a reason-
able cost. The remeshing procedure makes it possible to achieve
any preset level of accuracy. Thus, the method can be viewed as a
technique for generatingnumerically exact solutionsto the differen-
tial equations modeling turbulent flow. In Refs. 5-8 the methodol-
ogy proposed was quantitatively validated by solving laminar flows
with known analytical solutions and by computing cases for which
experimental measurements were available. The methodology was
further extended to convectiveheat transfer flows with variable fluid
properties’ and to zero-equationmodels of turbulence for free shear
flows. 1

This paper presents an extensionof the methodologyto turbulent
free shear flows. The methodology is based on adaptive remesh-
ing coupled to a finite element solver for steady-state incompress-
ible turbulent flows for which turbulence is represented by the k—€
model. The paper is organized as follows. We describe the model-
ing of the problem. The equations of motion and the finite element
solver are reviewed. The turbulence model is discussed and details
of the nonlinear equation solver are given. The methodology section
describes two error estimators and the adaptive remeshing strategy.
The proposed methodology is then validated by solving problems
with known analytical solutions to clearly quantify the accuracy
improvements due to adaptivity. The method is then applied to free
shear flows for which experimental data are available. The paper
closes with conclusions.

Modeling of the Problem

Reynolds-Averaged Navier-Stokes Equations
The flow regime of interest is modeled by the Reynolds-averaged
Navier—Stokes equations

pu Np=\p+ L+ )+ @O+ pf
u=0

(M

where the turbulent viscosity is computed using the k—€ model of
turbulence

Ur = PCu(kz/E) (2)
The system is closed by including the transport equations for k and
€ (Ref. 11)

pu NF = 1+ (ur/q)]VC}+ ur P(u) — pe 3)
pu NE =V fli+ (! INEW Ci(el B pr P(u) _Cop(€'] )
“)
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where the production of turbulence is defined as

Plu) =\ : (e + ") (5)

To ensure an efficient iterative solution of the equations, the k and
€ transport equations were rewritten in the following way. The tur-
bulent viscosity multiplying the production in the € equation is ex-
pressed in terms of k and €, and the turbulence dissipation € is
replaced in the k equation by using the following identity:

€= pCu(k pr) (6)

We then obtain the following equations, which are formally
equivalentto Egs. (3) and (4):

pu Nk =V 1+ (] I+ pr Pw) — pCuk] )
7

pu NE=Y {[u+(ur/ @) INE}+ PC1Cuk P(u) _Cop(€] k)
)]

The constants Cy,, C,, C,, G, and ¢ take on the standard values
proposed in Ref. 11.

This set of differential equations is solved in a partly segregated
manner using the following algorithm: 1) given uy, ko, €; 2) com-
pute ur from k and €; 3) for ur given a) solve the momentum
and continuity equations, b) solve the k equation, and c¢) solve the €
equation;and 4) update Ly and go to step 3. This algorithm presents
the following advantages.

1) Step 3a corresponds to solving the Navier—Stokes equation
with variable viscosity. The proposed adaptive scheme has already
proven successful for such problems.’

2) Steps 3b and 3c are solved in turn using the most recent values
of u and k. They contain only quadratic nonlinearities in k* and €2,
respectively.

Finite Element Solver

The finite element equations are obtained by multiplying the dif-
ferentialequationsby suitabletest functionsand performing integra-
tion by parts of diffusionterms. This leads to the following Galerkin
variational equations.

Momentum and continuity:

(Pu 1)+ (. v) —(p 7 2) = (fov) + iv)
(g7 ) =0

9
with
(h,g) = ]thd.() a(u,v) = ]QQ(,u+ Ur)y(u):y(v)dQ

y(u) = SMQLT (10)

T vds
k(T

(t vy= [2(u+ pr)y(u) n—pn] yds+
aK\ t

where v is the test function. The double contraction is defined as
follows:
Y y(v) = ZZ%;(M)%(V)
au, Ou; 5v, ov;
- 2 5x] 5x, 5x] ax,

Turbulence kinetic energy (step 3b):

(o e

:] Hr P(u)w dQ2 (11
Q

Turbulence dissipation (step 3c):

Hr e
L[ e (1 ) v oo
= ] PpC1Cuk P(u)s dQ 12)
Q

These equations are solved in primitive variables using an aug-
mented Lagrangian algorithm to treat the incompressibility!? The
equations are discretized with the Crouzeix-Raviart triangular ele-
ment, which uses an enriched quadratic velocity approximationand
a linear discontinuous pressure. A standard quadratic interpolant is
used for k and €.

Adaptive Methodology
Generalities

Most adaptive methods assess the quality of an initial solution
obtained on a coarse mesh by using some form of error estimation
and modifying the structure of the numerical approximation in a
systematic fashion to improve the overall quality of the solution.
There are several ways of achieving adaptivity: P methods increase
the degree of polynomial approximations for improved accuracy,'?
R methods relocate grid points in regions of rapid change of the
solution,'* and H methods proceed by either mesh enrichment or
remeshing.!-

A variant of an H method, called adaptive remeshing, has been
retained because it provides the greatest control of element size
and grading to accurately resolve flow features such as shear and
thermal layers, stagnation points, jets, and wakes. In this approach
the problem is first solved on a coarse grid to roughly capture the
physics of the flow. The resulting solution is then analyzed to de-
termine where more grid points are needed, and an improved mesh
is generated. The problem is solved again on the new mesh us-
ing the solution obtained on the coarser mesh as an initial guess.
This process is repeated until the required level of accuracy is
achieved.

Remeshing also offers an elegant and simple approach to over-
come some of the obstacles specific to incompressible viscous
flows. For instance, the best proven finite element approxima-
tions can be selected based on their convergence and accuracy
properties.!>!> This circumvents the problem associated with P
methods of satisfyingthe so-called Babuska compatibility condition
between the velocity and pressure approximations.!>!* It also elim-
inates the hangingnode problem encounteredin some H-refinement
methods.?

Error Estimation

This section describes two error estimation techniques for as-
sessing the accuracy of the solutions obtained by the finite element
solver.

Projection Error Estimator

This error estimator was first introduced by Zienkiewicz and
Zhu'® and involves postprocessing of the strain rate tensor ¥ =
(vu+ ")/ 2. The method is based on the observationthat whereas
the true derivatives are continuous throughoutthe flow domain, the
finite elementderivatives ¥, are discontinuousacross element faces.
The theory of the finite element method also states that 3, converges
toits true value as the mesh is refined. Hence, a measure of the qual-
ity of the velocity predictioncan be obtained by computingthe norm
of (%, —¥ex), where ¥, and ¥, are the finite element and exact strain
rates, respectively.

Unfortunately,the exactsolutionis notavailablein practice. How-
ever, it has been shown that the exact derivativescan be replaced by
a continuous least-squares approximation (see Refs. 16 and 17 for
details). Thus, the velocity error e can be estimated by

(S5

I |2 = {19(7_%):(7_%)d!2} (13)
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Here ¥ is the continuous least-squares projection of ¥, into the
space of the velocity interpolation functions. This approach can be
extended to include the pressure error

¥’ b= {]Q(;’—Pﬁ)zdg} (14)

where p is the continuous piecewise linear least-squares fit to pj,,
the finite element discontinuous pressure.

The error contributions from the turbulence equations are incor-
poratedin a similar manner. The errors in k and € are then computed
by evaluating

(15

1
2

IFk”E--Q: {]Q(akh —qkh) .(5k/, —qkh)dQ} (15)
%
IFEHE_Q = {] (Ge, —qe,) (Ge, _qeh)d.()} (16)
Q
where ¢, = and ¢. = CE. An error estimator is also constructed

for the eddy viscosity since smooth fields of k and € can result in an
eddy viscosity presenting rapid variations or fronts. Such fronts in
Hr determine the turbulent diffusion of momentum and k. Thus, the
accuracy of pir is critical to that of u, k, and €. The error estimator
for ur is defined as

1

|FHT “E__Q = {]Q(aurh —qHT/,) .(au” _qu”) dQ} ) (17)

where g, = T.
The total error is then computed as

- D p= { ot [
* Il Il I [fe) 19

Note that k, €, and i1 generallytake valuesthatare severalorders
of magnitude smaller than the velocity. Hence, their error estimates
will be much smaller than those of u. However, both k and € directly
affect u through their ratio py = pCukz/ €. Thus, an accurate so-
lution for both k and € is required to obtain a meaningful velocity
field. To ensure that turbulence errors are of the same order as the
velocity errors, the velocity and turbulence fields are scaled so that
all error maxima are of the same order of magnitude.

Local Variational Problem for the Error

This approach eliminates the global least-squares problem of the
projectionestimatorand hasthe added advantageof being more gen-
eral than the preceding one. The exact solution (u, p, k, €) satisfies
the following variational equations on each element:

(pu A2 vk +a(u, vk —(p, V Dk = (pfiv)k

+ Ut )y ) —p Y+ (G Vx (T

Y e PR 7 )k =0, W e fK) (19)
(it g W) + bk, w)k —[par P(0), wlk

+ [P Cll] ), w]ye = ([0 + (prl DI 2 wYor

Yk Y W eI (20)
(pu NE $)x + (€ $)x —[pC1CLk P(u), s1k

+ [PCA€TH), 5] = [+ (el RINE 11, 5o,

+ @e, S (Ties Ve FK) (21)
where
a(u, v)x = ]Q 2+ pr) ¥ (u) : ¥(v) d2 (22)
blkowic=| | p+El g prd (23)
> . a .

c(€,8)x = ]
Qg

H+ %]v _vvd.() (24)

Here 0K\ I; denotes the element faces not on the region of the do-
main boundary where tractions are imposed and 0 K ~I; denotes
the element faces located on the region of the boundary where trac-
tions are imposed. 79K ) denotes the space of velocity functions on
element K, ) denotes the space of turbulence kinetic energy
(TKE) functions on element K, and fK) denotes the space of €
functions on element K.

By substituting the following relationships between the true so-
lution, its finite element approximation and the errors,

p=rpit+e;
€E=¢g +ef

u=u;+ e,

25
k:kh+62, ( )

we obtain the following variational equations for the components
of the error over an element.
Momentum error:
alel, vy) , —(ep, \V/ I
= —a(u, vi)x + (Pf —pun Npns vi)k + (Pis \J Vi)

+ (Z(,U + ur)y(up) n—pi VnYK\L

+ (z, viYox (Yo i g PHE) (26)
Continuity error:

(a1, 7 &) =, \VEZIS WV EE(K) (27)
TKE error:

blef, wh)K + [QpZCH(kh/,ur)e,’j, wi]x
= _b(kn, wi)x + (—puy, .vfh + pr P(up) — p€r, wi) k
+ ([u + (/’tT/ Q)]vch 11, w’h)al(\r;”\

+ (QA, Wh)ax e V& E’zi(K) (28)

TKE dissipation error:

clef, s1) ¢ + [2PCa(&] ki)es, sn]
= —c(€ sk + [—pun Nfn + PC1Cuk, P(uy)
—Pcz(Eh/kh) Sn)x + ([/l + (url @) INE 2, SHY R\

I R XY (29)

Convective terms of the form ¢j; ?h, e Npn and uy g
have been neglected, following Ref 1'7. The remaining nonlinear
terms have been linearized. The flux terms on the element sides are
approximated by the average value of the raw finite element fluxes.
The terms in parentheses on the right-hand sides are the element
residuals, a measure of the accuracy of the finite element solution
inside the element. This variational problem is discretized locally
on each element. Errors in u, v, k, and € are discretized using quar-
tic bubble functions defined on the element sides. Pressure errors
are approximated by a nonconforming quadratic bubble function.
This results in small 13 y, 13 systems of linear equations on each
element. The turbulent viscosity error is evaluated from the TKE
and dissipation errors by using the following expression:

el = g, [2ef [ 1) —(effe)] (30)

Finally, the norms of the errors on each element are computed with
the expressions defined in the preceding section.

Adaptive Remeshing

There remains one key issue to discuss: How does one exploit
the knowledge of the error distribution to design a better mesh?
The adaptive remeshing strategy is straightforward, follows that
proposed by Peraire et al.,! and proceeds as follows.

1) Generate an initial mesh.

2) Compute the finite element solution.
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3) Compute error estimate.
4) If (global error < tolerance), then

stop;
else
compute grid density from error estimate
generate an improved mesh accordingto grid density
interpolate current solution on new mesh;
goto step 2;
end if.

We now provide details on some of the steps of this algorithm.
Once the finite element solution has been obtained, the error on
each element is computed using either one of the previously de-
scribed estimators. The global norms of the solution and the error

are computed as follows:
2| F|f (31

There remains to compute the element size for the improved mesh
so that elements are smaller in regions of large error and bigger in
regions where the solution is already accurate. This is achieved by
requiring that the improved mesh be optimal (i.e., that all elements
have the same average error e,,). Now, given a target reduction
coefficient of the error & the total and average error can be related

as follows:
| = EH (32)
n

Finally, an expression for the eleme\é size Ocan be derived from
the asymptoticrate of convergence of the finite element approxima-
tion

tol

1k
—”E—JJ (33)

(see Refs. 5 and 6 for details). \/

This distributionof the element size is then used as the grid func-
tion in an advancing front mesh generator! to generate an improved
mesh.

Validation: Two-Dimensional Shear Layer

The error estimators are first compared on a simple flow problem
for which an analytical solution is known. This provides controlled
conditions for validating the methodologyand assessing its compu-
tational performance.

Convergence was achieved when the relative norm of the correc-
tion betweentwo successive global iterates was less than 10-°. Inall
cases subiterationson u, k, and € were performed until the relative
error and the L, norms of residuals were of the order 10-°. In all
cases the adaptive procedure and finite element code were run in a
blackbox fashion with no intervention on the part of the user. The
adaptive procedure was set to reduce the global error by a factor of
3 at each cycle of adaptation.

This is a variant of the shear layer'® between two coflowing
streams of velocity, U; and U,, for which the turbulent viscosity
is linear in x. The solution is taken to be

(2
syl

k= ko{c + expl(ay/x)T}
€= (&/ e+ exp[—(ay/ X)Z]}z

(34)

The velocity ratio r = u,/u; was set to zero. These expressions
are substituted in Eqs. (1-4) to determine the appropriate source
terms. This problem presents all of the features of the experimental
observations of Refs. 19 and 20. The computational domain is the
rectangle [100, 300] X [-50, 50].

Figure 1 illustrates the trajectory generated by the estimators.
Both error estimators drive the adaptation process to reduce the
error and its estimate at each cycle. Hence, the solution accuracy
improves steadily at each adaptation cycle. Both estimators behave
similarly. Figure 2 shows a typical histogram of the elemental error.
It represents a count of the elements having the same level of error.
In an ideal situation all elements would have the same error. In
practice, we obtain an approximately Gaussian distribution. As can
be seen from Fig. 2, the error is reduced throughout the domain.
Furthermore, the proportionof the elements clustered near the mean
increases from one cycleto the other indicatingthat the meshes tend
toward optimality.

Figure 3 illustrates the mesh generated by the procedure. In both
cases the adaptation strategy proceeds by a complete reallocation
of grid points, refining the mesh around the fronts of k and near
the center of the shear layer in the midsection of the domain. Con-
tour lines of the eddy viscosity are presented in Fig. 4. Figure 4a
represents the solution obtained on the initial coarse mesh, whereas
Fig. 4b presents the solution on the final mesh. The quality of the
prediction of the turbulent viscosity improves drastically between
the initial and final meshes. Contours are equally spaced between
values of 0.13 and 0.42.

Figure 5 presentsa qualitative comparison of contour lines of the
combined error for both estimators. Contours of the true errors are

10 3 T T T T T
E True error $— ]
N Estimated error —+- ]
E 1k -
] r ]
0.1
1000 2000 3000 4000 5000 6000

Number of nodes
Projection estimators

10 ¢ T T T T —
F True error ©— ]
[ * Estimated error —+- ]
5
E 1l =
o r 3
0.1 1 1 1 I 1
1000 2000 3000 4000 5000 6000

Number of nodes
Local problem estimator
Fig.1 Trajectory generated by the estimators.
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Fig.2 Histogram of the element error: projection estimator.
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Fig.3 Meshes generated by the projection.
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Fig. 4 Eddy viscosity obtained on the initial and final meshes.

b) Projection estimator

shown in Figs. 5a and Sc, whereas those of the estimators are in
Figs. Sband 5d. One can see that the error estimators reproduce the
key features of the true error: peaks and valley regions of high and
low errors are detected in the same locations.

Application to a Planar Shear Layer with U,/U, = 0.3

This problem was the subject of an experimental investigation
by Spencer and Jones?! and has many features in common with the
flow past the trailing edge of an airfoil. The far field of this flow has
been simulated by Duncan et al.?? using the k—€ model and several
of its multiple time-scale variants. Figure 6 presents the geometry
and boundary conditions used for the present study which includes
the trailing edge region of the splitter plate and the near field of the
wake. The Reynolds number is U;/v = 2 _10%*/cm. Coordinates
are dimensionless, and the reference length is 1 cm. The domain is
the rectangle[__10, 120] x[_30, 30] and includes the splitter plate
(x = _10t0 0).

The local problem estimator did not provide solution improve-
ment on this practical flow problem. This may be due to the use of
streamline upwinding in the solver, which is not accounted for by
this estimator. Therefore, only the projection error estimator was
used for this application.

Figure 7 presents the adaptively generated meshes for the com-
plete computational domain. Notice the diagonal bands of element
concentration, which coincide with the fronts of k and pr. Grid
points have also been tightly clustered around the trailing edge of
the plate where all variables undergo rapid variations.

Figure 8 presentsa comparisonof predictedand measured stream-
wise velocity profiles at two control stations located at 25 and 50 cm
from the trailing edge. All curves are plotted in similarity variables.
It is known that the use of such variables tends to mask differences.
The data from Spencer and Jones?' were given in this form with in-
sufficient informationto extract true values and coordinates. As can
be seen, predictionsare good and the improvementsdue to adaptivity

(-10,40) low-velocity boundary (120,40)
low-velocity
entry —__ | it outflow
splitter
plaie boundary
©.0
high-velocity
entry —
(-10,-30) high-velocity boundary (120,-30)

Fig.6 Domainand boundary conditions for the shear layer of Spencer
and Jones.?!

d) Local problem estimator

Fig.5 Contour lines of the errors.
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Initial mesh

Final mesh

Fig.7 Meshes generated by the adaptive procedure.

1 T T T ]
Mesh-0 ----
» Mesh-1 —-—- ]
0.9 Mesh -2 ——
o8 b Rel[21] ¢
5 07
g
% 06 |-
05 -
04 |
03 I ] ]
-0.1 -0.05 0 0.05 0.1
(y-y.5)/x
x=25cm
1 T T T ]
: Mesh-Q ----
| : Mesh-1 --- ]
09 Mesh-2 —
08 b : Ref[21] ©
g 07 |-
2 a6 :
= - :
0.5
04
0.3 |- \ i .
-0.1 -0.05 0 0.05 0.1
(y-y.5)x
x=50cm

Fig.8 Velocity profiles.

are most pronouncedat the first station. The improvementsare even
more evident in the profiles of the turbulentkinetic energy shown in
Fig. 9. Atx = 25 cm, a reductionof 20% in the predicted peak value
dueto adaptive mesh refinement results in significantly betteragree-
ment with the measurements. At x = 50 cm, the change in peak
value is roughly 5%, but the width of the shear layer has decreased
significantly to be in closer agreement with the measurements.
Finally, Fig. 10 presents a comparison of predicted and mea-
sured Reynolds stress profiles. Because they are derived quantities,
Reynolds stresses are predicted with less accuracy than primary
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variables, such as velocity, and should benefit more from adap-
tive refinement. Figure 10 confirms this observation. Here again
improvements due to adaptivity are most evident in the near-field
region where the shear layer is thinnest and solution variations are
largest.

Conclusions

An adaptive remeshing finite element procedure has been pre-
sented for solving turbulent free shear flows using the k—€ model of
turbulence.

The finite element solution algorithmhas proven very robust and
reliable. Generally speaking, once a solution has been obtained on
the initial coarse mesh (requiring approximately 25 global itera-
tions), about 3 or 4 global iterations are required on the subsequent
meshes and at most 2 inner iterations are performed for the mo-
mentum, k, and € equations. Thus, the use of adaptivity results in
significant computationalsaving.

The two proposed error estimators have provenreliable and con-
vergenton nontrivialproblems havinganalyticalsolution. However,
for now, only the projection method has proven useful on practi-
cal cases. For the shear layer, the agreement with measurements
improves with each cycle of adaptation. Improvement is most im-
portant in the near field where the variables exhibit the most rapid
variations.

The adaptive procedure appears robust. It can be used in a black-
box fashion with little or no interventionon the part of the user and
leads to improved accuracy and overall computational efficiency.
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